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A new methodis presentedfor robustly estimatingmultiple view relationsfrom

point correspondences.The methodcomprisestwo parts,the first is a new robust

estimator �������
	�� which is a generalizationof the �	����
	�� estimator. It

adoptsthesamesamplingstrategy as �	����
	�� to generateputative solutions,but

choosesthesolutionto maximizethe likelihoodratherthanjust thenumberof in-

liers. Thesecondpartto thealgorithmis ageneralpurposemethodfor automatically

parametrizingtheserelations,usingtheoutputof �������
	�� . A difficulty with multi

view imagerelationsis thatthereareoftennon-linearconstraintsbetweentheparam-

eters,makingoptimizationa difficult task. Theparametrizationmethodovercomes

thedifficulty of non-linearconstraintsandconductsaconstrainedoptimization.The

methodis generalandits useis illustratedfor theestimationof fundamentalmatri-

ces,image-imagehomographiesandquadratictransformations.Resultsaregiven

for bothsyntheticandreal images.It is demonstratedthat themethodgivesresults

equalor superiorto previousapproaches.

1. INTRODUCTION

This paperdescribesa new robust estimator����������� which canbe usedin a wide
varietyof estimationtasks.In particular ����������� is well suitedto estimatingcomplex
surfacesor moregeneralmanifoldsfrom point data.It is appliedhereto theestimationof
severalof themultiple view relationsthatexist betweenimagesrelatedby rigid motions.
Thesearerelationsbetweencorrespondingimagepointsin two or moreviewsandinclude
for example,epipolargeometry, projectivities etc. Theseimagerelationsare usedfor
several purposes: (a) matching,(b) recovery of structure[1, 8, 11, 27, 40] (if this is
possible),(c) motionsegmentation[31, 36], (d) motionmodelselection[14, 37, 35].

Thepaperis organizedasfollows: In Section2 thematrixrepresentationof thetwo view
relationsaregiven, including the constraintsthat the matrix elementsmustsatisfy. For
example,thereis acubicpolynomialconstraintonthematrixelementsfor thefundamental
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2 TORRAND ZISSERMAN

matrix. It will beseenthatany parametrizationmustenforcethis constraintto accurately
capturethetwo view geometry.

Due to the frequentoccurrenceof mismatches,a RANSAC [4] like robust estimator
is usedto estimatethe two view relation. The RANSAC algorithmis a hypothesisand
verify algorithm. It proceedsby repeatedlygeneratingsolutionsestimatedfrom minimal
setof correspondencesgatheredfrom the data,and then testseachsolution for support
from thecompletesetof putative correspondences.��� �!����� is describedin Section4.
In RANSAC the support is the numberof correspondenceswith error below a given
threshold. We proposea new estimatorthat takes as supportthe log likelihood of the
solution (taking into accountthe distribution of outliers) and usesrandomsamplingto
maximizethis. Thislog likelihoodfor eachrelationis derivedin Section3. Thenew robust
randomsamplingmethod(dubbedMLESAC—MaximumLikelihoodEstimationSAmple
Consensus)is adumbratedin Section5.

Having obtaineda robust estimateusingMLESAC, the minimum point setbasiscan
be usedto parametrizethe constraintasdescribedin Section6. The MLE error is then
minimizedusingthisparametrizationandasuitablenon-linearminimizer. Theoptimization
is constrainedbecausethematrix elementsof many of thetwo view relationsmustsatisfy
certainconstraints.Notethatrelationscomputedfrom thisminimalsetalwayssatisfythese
constraints.Thusthenew contribution is threefold: (a) to improveRANSAC by useof a
bettercostfunction; (b) to develop this costfunction in termsof the likelihoodof inliers
andoutliers(thusmakingit robust);and(c) to obtainaconsistentparametrizationin terms
of a minimalpoint basis.

Resultsarepresentedonsyntheticandrealimagesin Section7. RANSACiscomparedto
MLESAC, andthenew pointbasedparametrizationis comparedto otherparametrizations
thathavebeenproposedwhich alsoenforcetheconstraintson thematrix elements.

Notation. The imageof a 3D scenepoint " is # in thefirst view and # $ in thesecond,
where # and # $ are homogeneousthreevectors, #&%('*)�+-,.+0/21-3 . The correspondence#�4(#65 will alsobedenotedas #87�4(#�9 . Throughout,underlininga symbol ) indicates
theperfectornoise-freequantity, distinguishingit from ):%;) <!= ) , whichis themeasured
valuecorruptedby noise.

2. THE TWO VIEW RELATIONS

Within thissectionthepossiblerelationson themotionof pointsbetweentwo viewsare
summarized,threeexamplesareconsideredin detail: (a) theFundamentalmatrix [3, 10],
(b) theplanarprojectivetransformation(projectivity), (c) thequadratictransformation.All
thesetwo view relationsareestimablefrom imagecorrespondencesalone.

Theepipolarconstraintis representedby theFundamentalmatrix [3, 10]. This relation
appliesfor generalmotionandstructurewith uncalibratedcameras.Considerthemovement
of a setof point imageprojectionsfrom an objectwhich undergoesa rotationandnon-
zerotranslationbetweenviews. After the motion, the setof homogeneousimagepoints> #6? @A+CBD%E/A+0FGF0FIHJ+ asviewedin thefirst imageis transformedto theset

> #6? 5K@ in thesecond
image,with thepositionsrelatedby # 5L3?NM #6? %PO (1)

where# %Q'*) +-, +0/21-3 isahomogeneousimagecoordinateandM is theFundamentalMatrix.
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Shouldall the observedpointslie on a plane,or the camerarotateaboutits optic axis
andnot translate,thenall thecorrespondenceslie on aprojectivity:# 5 %PRS# F (2)

Shouldall thepointsbeconsistentwith two (or more) M then# $ 3 M 7 # %;O and # $ 3 M 9 # %PO (3)

thus # $ % M 7 # T M 9 # (4)

hencethey conform to a quadratictransformation. The quadratictransformationis a
generalizationof the homography. It is causedby a combinationof a cameramotion
andscenestructure,asall the scenepointsandthe cameraoptic centreslie on a critical
surface[19], which is a ruled quadricsurface. Although the existenceof the critical
surfaceis well known, little researchhasbeenput into effectively estimatingquadratic
transformations.

2.1. Degreesof Freedomwithin Two View Parametrizations
The fundamentalmatrix has9 elements,but only 7 degreesof freedom. Thus if the

fundamentalmatrix is parametrizedby the elementsof the UVTWU matrix M it is over
parametrized.This is becausethe matrix elementsarenot independent,beingrelatedby
a cubicpolynomialin thematrix elements,suchthat X
Y0Z2[ M]\ %^O . If this constraintis not
imposedthenthe epipolarlines do not all intersectin a singleepipole[16]. Henceit is
essentialthatthis constraintis imposed.

The projectivity has9 elementsand8 degreesof freedomastheseelementsareonly
definedup to a scale. The quadratictransformationhas 18 elementsand 14 degrees
of freedom[18]. Here if the constraintsbetweenthe parametersare not enforcedthe
estimationprocessbecomesvery unstable,and good resultscannotbe obtained[18],
whereasourmethodhasbeenableto accuratelyestimatetheconstraint.

2.2. Concatenatedor Joint Image Space

Eachpair of correspondingpoints # , # $ definesa singlepoint in a measurementspace_!`
, formedby consideringthecoordinatesin eachimage. This spaceis the ‘joint image

space’[38] or the ‘concatenatedimagespace’[24]. It might be consideredsomewhat
eldritchto join thecoordinatesof thetwo imagesinto thesamespace,but thismakessense
if we assumethat the dataareperturbedby the samenoisemodel(discussedin the next
subsection)in eachimage,implying thatthesamedistancemeasurefor minimizationmay
beusedin eachimage.Theimagecorrespondences

> # ? @�4 > # $? @a+-BD%Q/b+GF0F0F-HJ+ inducedby
arigid motionhaveanassociatedalgebraicvariety c in

_ `
. Fundamentalmatricesdefine

athreedimensionalvarietyin
_d`

, whereasprojectivitiesandquadratictransformationsare
only two dimensional.

Givena setof correspondencesthe(unbiased)minimumvariancesolutionfor M is that
whichminimizesthesumof squaresof distancesorthogonalto thevarietyfrom eachpoint'*)�+-,.+-) $ +C, $ 1 in _ ` [12, 14, 15, 21, 23, 26, 35]. Thisisdirectlyequivalentto thereprojection
errorof thebackprojected3D projectivepoint.
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In previouswork suchas[17] thetransfererrorhasoftenbeenusedastheerrorfunction
e.g.for fitting e this is fag�hGiJj elknm i6oqpsrWfag�hGi6oIj e i�p (5)

where
f�tqu

is the Euclideanimagedistancebetweenthe points. The transferdistanceis
differentfrom theorthogonaldistanceasshown in Figure1. This is discussedfurther in
relationto themaximumlikelihoodsolutionderivedin Section3.

3. MAXIMUM LIKELIHOOD ESTIMATION IN THE PRESENCEOF
OUTLIERS

Within this sectionthemaximumlikelihoodformulationis givenfor computingany of
the multiple view relations. In the following we make the assumption,without loss of
generality, thatthenoisein thetwo imagesis Gaussianoneachimagecoordinatewith zero
meananduniformstandarddeviation v . Thusgivena truecorrespondencetheprobability
densityfunctionof thenoiseperturbeddataisw�x tqylz {|u�} ~��� m��L�L� � � �� ��� v�� ��� k����P�q����� �0��� � � k�� ��I� �-� ��� � � k.� ��C� ���G� � g¡  � � j (6)

where¢ is thenumberof correspondencesand
{

is theappropriate2 view relation,e.g.the
fundamentalmatrixor projectivity, and

y
is thesetof matches.Thenegativelog likelihood

of all thecorrespondences
i m¤£ g� , ¥ } �A¦�¦ ¢ :§©¨�ª� m��L�L� �8«ª¬b t w�x t*i m¤£ g� z {®j v u-u�} ¨��� m¤�L�L� � ¨¯C� m¤£ g h tK° ¯ � § ° ¯ � u g rPtK± ¯ � § ± ¯� u g0p j (7)

discountingthe constantterm. Observingthe data, we infer that the true relation
{

minimizesthis log likelihood.Thisinferenceis called“Maximum LikelihoodEstimation”.
Giventwo viewswith associatedrelationfor eachcorrespondence

i m¤£ g thetaskbecomes
thatof finding themaximumlikelihoodestimate,²i m¤£ g of the trueposition

i m¤£ g , suchthat²i m¤£ g satisfiesthe relationandminimizes � ¯C� m¤£ g h ²° ¯ � § ° ¯ � p g r³h ²± ¯� § ± ¯� p g . The MLE
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error ´ ? for the B th point is then´ 9? %¶µ·C¸ 7�¹ 9�º.») · ?]¼ ) · ?¾½ 9 < º.», ·?�¼ , ·?0½ 9 (8)

Thus ¿ ? ¸ 7�ÀLÀLÀ Á ´29? providesthe error function for the point data,and Â for which ¿ ? ´Ã9?
is a minimumis themaximumlikelihoodestimateof therelation(fundamentalmatrix, or
projectivity). Hartley andSturm[12] show how ´ , »# and »# $ maybefoundasthesolution
of a degree6 polynomial.A computationallyefficientfirst orderapproximationto theseis
givenin Torr et al. [32, 34, 35].

The above derivationassumesthat the errorsareGaussian,often however featuresare
mismatchedandtheerror on Ä is not Gaussian.Thusthe error is modeledasa mixture
modelof Gaussiananduniformdistribution:-Å�Æ 'K´Ç1�%ÉÈ
Ê /Ë ÌÇÍ6Î 9 Y¾Ï
ÐÑ' ¼ ´29ÌbÎ 9 1Ñ<Ò'I/ ¼ Ê61 /ÓDÔ (9)

whereÊ is themixingparameterandÓ is justaconstant(thediameterof thesearchwindow),Î
is thestandarddeviation of theerroron eachcoordinate.To correctlydetermineÊ andÓ entailssomeknowledgeof the outlier distribution; hereit is assumedthat the outlier

distribution is uniform, with ¼!Õ9 FªF
< Õ9 being the pixel rangewithin which outliers are
expectedto fall (for featurematchingthis is dictatedby thesizeof thesearchwindow for
matches).Thereforetheerrorminimizedis thenegative log likelihood:Ö�×:ØÙÖ µÛÚWÜÞÝGß!àÛá È âã ä0åçæ Ôéè8ê¡ëbì à Ö à µíCînïñð ò�óõô í Ú Ö ô í ÚCö ò6÷ óõø í Ú Ö ø í Ú¾ö ò-ù�ú ó ä¾æ ò ö ÷ ó â Ö á ö âû ùüù©ý

(10)

Givena suitableinitial estimatethereareseveralwaysto estimatethe parametersof the
mixture model, most prominentbeing the ��� algorithm [2, 20], but gradientdescent
methodscouldalsobeused. Becauseof thepresenceof outliersin thedatathe standard
methodof leastsquaresestimationis oftennotsuitableasaninitial estimate,andit is better
to usearobustestimatesuchas �ü���!����� which is describedin thenext section.

4. �ü���!�����
The aim is to be ableto computeall theserelationsfrom imagecorrespondencesover

two views. This computationrequiresinitial matchingof points(corners)over the image
pairs. Cornersare detectedto sub-pixel accuracy using the Harris cornerdetector[9].
Given a cornerat position 'K)Ñ+C,
1 in the first image,the searchfor a matchconsidersall
cornerswithin aregioncentredon 'K)Ñ+C,
1 in thesecondimagewith athresholdonmaximum
disparity. Thestrengthof candidatematchesis measuredby sumof squareddifferencesin
intensity. The thresholdfor matchacceptanceis deliberatelyconservative at this stageto
minimiseincorrectmatches.Becausethematchingprocessis only basedonproximity and
similarity, mismatcheswill oftenoccur. Thesearesufficientto renderstandardleastsquares
estimatorsuseless.Consequentlyrobust methodsmustbe adopted,which canprovide a
goodestimateof thesolutionevenif someof thedataaremismatches(outliers).

Potentiallytherearea significantnumberof mismatchesamongstthe initial matches.
Correctmatcheswill obey theepipolargeometry. Theaimthenis to obtainasetof “inliers”
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consistentwith theepipolargeometryusinga robusttechnique.In this case“outliers” are
putative ‘matches’inconsistentwith theepipolargeometry. Robustestimationby random
sampling(suchas �ü���!����� ) hasproventhemostsuccessful[4, 30, 39].

First we describethe applicationof RANSAC to the estimationof the fundamental
matrix. Putative fundamentalmatrices(up to three real solutions)are computedfrom
randomsetsof sevencornercorrespondences(theminimumnumberrequiredto compute
a fundamentalmatrix). Thefundamentalmatricesmaybeestimatedfrom sevenpointsby
forming thedatamatrix:þ % ÿ�� ) 5 7 ) 7 ) 5 7 , 7 ) 5 7 , 57 ) 7 , 57 , 7 , 57 ) 7 , 7 /...

...
...

...
...

...
...

...)�5�¾) � )�5�0, � )Û5� ,�5�¾) � ,
5�0, � ,
5�Ò) � , � / ���� F (11)

Thesolutionfor M canbeobtainedfrom thetwo dimensionalnullspaceof

þ
. Let � 7 and� 9 beobtainedfrom thetwo right handsingularvectorsof

þ
with singularvaluesof zero,

thusthey form anorthogonalbasisfor thenull space.Let 	 7 and 	 9 bethe U TsU matrices
correspondingto � 7 and � 9 . ThenthethreefundamentalmatricesM�
 , �Ñ%^/b+ Ì +CU consistent
with

þ
canbeobtainedfrom M 
 %��	 7 <V'I/ ¼ D1�	 9 , subjectto ascalingandtheconstraintX
Y0ZÃ[ M]\ % O (which givesa cubicin  from which 1 or 3 realsolutionsareobtained).The

supportfor this fundamentalmatrix is determinedby the numberof correspondencesin
theinitial matchsetwith error ´ (givenin (8)) below a threshold� . Theerrorusedis the
negativelog likelihoodwhichis derivedin thelastsection.If therearethreesolutions,then
eachis testedfor support. This is repeatedfor many randomsets,andthe fundamental
matrix with thelargestsupportis accepted.Theoutputis a setof cornercorrespondences
consistentwith thefundamentalmatrix,anda setof mismatches(outliers).

For projectivitieseachcorrespondenceprovidestwo constraintson theparameters:� 3 7�� %PO and � 39�� %ÒO (12)

where � 7 %�� ) ,³/ OQOQO ¼ )ç)�5 ¼ ,�)Û5 ¼ )Û5��� 9 % � OQOQOQ) , / ¼ )ç, 5 ¼ ,a, 5 ¼ , 5��
and � is thecorrespondingvectorof theelementsof R . Thusfour pointsmaybe used

to find an exact solution. ��� �!����� proceedsin muchthe samemanner, with minimal
setsof four correspondencesbeingrandomlyselected,andeachsetgeneratinga putative
projectivity. Thesupportfor eachsetis measuredby calculatingthenegativelog likelihood
for all the points in the initial matchset, and countingthe numberof correspondences
with errorbelow a certainthresholddeterminedby considerationof the inlier andoutlier
distributions.

To estimateaquadratictransformationfrom sevencorrespondencesthemethodusedfor
generatingfundamentalmatricesis modified. A critical surfaceis a ruledquadricpassing
throughbothcameracentres.Sevencorrespondencesdefinea quadricthroughthecamera
centres. If it is ruled thentherewill be threereal fundamentalmatricesM 7 , M 9 and M��
formedfrom thedesignmatrix

þ
givenin (11) of thesevenpoints. Thesematricescanbe

usedto generatethecritical surface.In thiscase,any two of thefundamentalmatricesmay
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becombinedto givethequadratictransformationby usingEquation(4) (it doesnotmatter
which two asany pair givesthesameresultasany otherpair). If only onesolutionis real
thenanothersamplecanbetaken.

Howmanysamplesshouldbeused?. Ideallyeverypossiblesubsampleof thedatawould
be considered,but this is usuallycomputationallyinfeasible,so an importantquestionis
how many subsamplesof thedatasetarerequiredfor statisticalsignificance.Fischlerand
Bolles[4] andRousseeuwandLeroy [22] proposedslightly differentmeansof calculation,
but eachpropositiongivesbroadlysimilar numbers.Herewe follow thelatter’s approach.
Thenumber� of samplesis chosensufficiently high to give a probability � in excessof�! #"

thata goodsubsampleis selected.Theexpressionfor this probability � is�Ò%Q/ ¼ '-/ ¼ '-/ ¼%$ 1'&b1�(�+ (13)

where $ is thefractionof contaminateddata,and ) thenumberof featuresin eachsample.
Generallyit is better to take more samplesthan are neededas somesamplesmight be
degenerate.It canbeseenfrom this that, far from beingcomputationallyprohibitive, the
robustalgorithmmayrequirefewer repetitionsthanthereareoutliers,asit is not directly
linkedto thenumberbut only theproportionof outliers. It canalsobeseenthatthesmaller
thedatasetneededto instantiateamodel,thefewersamplesarerequiredfor agivenlevelof
confidence.If thefractionof datathatis contaminatedis unknown,asis usual,aneducated
worstcaseestimateof the level of contaminationmustbemadein orderto determinethe
numberof samplesto be taken, this can be updatedas larger consistentsetsare found
allowing the algorithmto “jump out” of �ü��� ���s� e.g.if the worst guessis

 O " anda
setwith *AO " inliers is discovered,then $ couldbereducedfrom

 O " to
Ì O " . Generally,

assumingno morethan
 O " outliersthen500randomsamplesis morethansufficient.

5. THE ROBUST ESTIMATOR: �W���ü�����
The �ü��� �.��� algorithmhasprovenvery successfulfor robustestimation,but having

definedtherobustnegative log likelihoodfunction ¼�+ asthequantityto beminimizedit
becomesapparentthat �ü� �!����� canbeimprovedon.

Oneof theproblemswith ��� �!����� is thatif thethreshold� for consideringinliers is
settoohigh thentherobustestimatecanbeverypoor. Considerationof �ü���!����� shows
thatin effect it findstheminimumof a costfunctiondefinedas, % µ ?.- � ´ 9? � (14)

where- '�1 is

- 'q´ 9 1�%0/ O ´29213�é9
constant ´29243�é9�F (15)

In otherwordsinliers scorenothingandeachoutlier scoresa constantpenalty. Thusthe
higher ��9 is themoresolutionswith equalvaluesof

,
tendingto poorestimatione.g.if �

weresufficiently largethenall solutionswouldhavethesamecostasall thematcheswould
be inliers. In Torr andZisserman[34] it wasshown thatat no extra costthis undesirable
situationcanberemedied.Ratherthanminimizing

,
anew costfunctioncanbeminimized, 9 % µ ? - 9 ��´ 9? � (16)
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wheretherobusterrorterm - 9 is

- 9 'K´ 9 1�% / ´29(´29213�é9�é9P´29243�é9�F (17)

This is a simple, redescendingM-estimator[13]. It can be seenthat outliers are still
given a fixed penaltybut now inliers are scoredon how well they fit the data. We set�|%®/AF �!5 Î so thatGaussianinliers areonly incorrectlyrejectedfive percentof the time.
Theimplementationof this new method(dubbed� ����� m-estimatorsampleconsensus)
yields a modestto hefty benefit to all robust estimationswith absolutelyno additional
computationalburden. Oncethis is understoodthere is no reasonto use �ü� �!����� in
preferenceto this method.Similar schemesfor robustestimationusingrandomsampling
andM-estimatorswerealsoproposedin [29] and[25].

Thedefinitionof themaximumlikelihooderrorallowsusto suggesta further improve-
mentover � ����� . As theaimis to minimisethenegativelog likelihoodof themixture ¼�+
thenit makessenseto usethis asthescorefor eachof therandomsamples.Theproblem
is thatthemixing parameterÊ is notdirectlyobserved. But givenany putativesolutionfor
theparametersof themodelit is possibleto recover Ê thatprovidestheminimum ¼�+ , as
this is aonedimensionalsearchit provideslittle computationaloverhead

To estimateÊ , usingExpectationMaximization( � � ), asetof indicatorvariablesneeds
to be introduced: 6b? , B]% /�F0F0F-H , where 6b?�%®/ if the B th correspondenceis an inlier, and6 ? % O if the B th correspondenceis an outlier. The ��� algorithmproceedsas follows
treatingthe 6b? asmissingdata[5]: (1) generatea guessfor Ê , (2) estimatetheexpectation
of the 6b? from the currentestimateof Ê , (3) make a new estimateof Ê from the current
estimateof 6 ? andgoto step(2). Thisprocedureis repeateduntil convergenceandtypically
requiresonly two or threeiterations.

In moredetailfor stage(1) theinitial estimateof Ê is 79 . For stage(2)denotetheexpected
valueof 6b? by 72? thenit followsthat

Å�Æ '86b?�%^/#9 Ên1�%:72? . Givenanestimateof Ê thiscanbe
estimatedas: Å�Æ '86b?�%Q/#9 Ên1J% ) ?)Û?ç<;)�< (18)

and
Å�Æ '=6A?�%PO�9 Ê61J%^/ ¼ 72? . Here)Û? is thelikelihoodof adatumgiventhatit is aninlier:

) ? %ÙÊ È /Ë ÌÇÍ6Î Ô?> Y0Ï�ÐA@B ¼ @BVµ·C¸ 7¤¹ 9 '*) · ?�¼ ) · ? 1 9 <Ò'*, · ? ¼ , ·? 1 9DCEGF ' Ì�Î 9 1 CE (19)

and) < is thelikelihoodof a datumgiventhatit is anoutlier:)�<�%|'I/ ¼ Ên1 /Ó F (20)

For stage(3) ÊS% /H µ ? 7 ? F (21)

This methodis dubbed�W���ü����� (maximumlikelihoodconsensus).For realsystemsit
is sometimeshelpful to put a prior on Ê , the expectedproportionof inliers, this depends
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1. DetectcornerfeaturesusingtheHarriscornerdetector[9].

2. Putative matchingof cornersover thetwo imagesusingproximity andcrosscorrelation.

3. Repeatuntil 500sampleshave beentakenor “jump out” occursasdescribedin Section4.

(i) Selecta randomsampleof theminimumnumberof correspondencesHJILKNMPO ïñð òÚ.Q .
(ii) Estimatetheimagerelation R consistentwith thisminimalsetusingthemethodsdescribedinSection4.

(iii) Calculatetheerror S Ú for eachdatum.

(iv) For TVUXWZY calculate[ ò , or for, T]\_^`UaWZY calculateb andhenceced for therelation,asdescribed
in Section5.

4. Selectthebestsolutionoverall thesamplesi.e. thatwith lowest ced or [ ò . Storethesetof correspondencesH!I thatgave this solution.

5. Minimize robustcostfunctionoverall correspondences,usingthepointbasisprovidedby thelaststepasthe
parametrization,asdescribedin Section6.

]A brief summaryof all thestagesof estimation

TABLE 1

[

on theapplicationandis not pursuedfurtherhere.Thetwo algorithmsaresummarizedin
Table1. Theoutputof MLESAC (aswith RANSAC) is aninitial estimateof therelation,
togetherwith a likelihoodthateachcorrespondencesis consistentwith the relation. The
next stepis to improvetheestimateof therelationusinga gradientdescentmethod.

6. NON-LINEAR MINIMIZA TION

Themaximizationof thelikelihoodis a constrainedoptimisationbecausea solutionforM , f or R is soughtthatenforcestherelationsbetweentheelementsof theconstraint.If
a parametrizationenforcestheseconstraintsit will be termedconsistent. In thefollowing
weintroduceaconsistentparametrizationanddescribevariationswhichresultin aminimal
parametrization.A minimal parametrizationhasthe samenumberof parametersas the
numberof independentelements(degreesof freedom)of the constraint.Theadvantages
anddisadvantagesof suchminimalparametrizationswill bediscussed.

Thekey ideais to usethepointbasisprovidedby therobustestimatorastheparametriza-
tion. For thesimplestcase,theprojectivity,afourpointbasisisprovided.By fixing )�+-, and
varying )Û5q+-,
5 for eachcorrespondence,elementsof theprojectivity maybeparametrizedin
termsof the4 correspondencesanda standardgradientdescentalgorithm[7] canbecon-
ductedwith )Û5�+-,
5 asparameters.Notethisparametrizationhasexactly8 DOF(2 variables
for eachof the 4 correspondences).Anotherapproachis to alter all the 16 coordinates,
the non-linearminimization conductedin this higher dimensionalparameterspacewill
discardextraneousparametersautomatically. This approachhasthe disadvantagethat it
requiresan increasednumberof function evaluationsas therearemoreparametersthan
degreesof freedom.Similarly, 7 pointsmaybeusedto encodethefundamentalmatrixand
the parametersso encodedareguaranteedto be consistent,i.e. their elementssatisfythe
necessaryconstraints(Sometimesthe7 pointsmayprovide threesolutions,in which case
theonewith lowesterror is used).This methodof parametrizationin termof pointswas
first proposedin Torr andZisserman[33].

A numberof variationson thefree/fixedpartitionwill now bediscussed,aswell ascon-
straintsonthedirectionof movementduringtheminimisation.In all casestheparametriza-
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tion is consistent,but maynot beminimal. Althougha non-minimalparametrizationover
parametrizesthe imageconstraint,the main detrimentaleffectsis likely to be the costof
thenumericalsolutionandpoorconvergenceproperties.Theformeris oneof themeasures
usedto comparetheparametrizationsin Section7.

First theparametrizationsfor M aredescribed.Giventheminimalnumberof correspon-
dencesthatcanencodeoneof the imagerelationsthreecoordinatescanbefixedandone
variede.g.we couldencodeM by sevencorrespondences'*)�?¡+-,b?�1�4 'K) $? +-, $? 1�B�% /�FGF0Fhg ,
by fixing the )�+-,.+-) $ coordinatesof thesecorrespondencesthespaceof M is parametrized
by theseven , $ coordinates.This is referredto asparametrizationP1. Theparametrization
P1 for R and f fixes )Ñ+C, for theminimalbasissetandvaries) $ , , $ . Thisparametrization
is bothminimalandconsistent,but thedisadvantagefor M of this is thatshouldtheepipolar
linesin image2beparallelto the , axisthenthemovementof thesepointswill notchangeM .
In orderto overcomethis disadvantagemethodP2 movescoordinatesin

_ `
in a direction

orthogonalto theconstraintsurface(variety)definedby theimagerelation. Thedirection
of motion is illustratedin Figure2 for a two dimensionalcase. Hereandfor M thereis
oneorthogonaldirectionto themanifold. In thecasesof R and f , methodP2moveseach
coordinatein )�+-,.+-) $ +-, $ in two directionsorthogonalto the manifold. Perturbingeach
point in this spacethenhastwo degreesof freedom,so the parametrizationhas8 dof in
total (for R ), i.e. it is minimal. In fact,bothP1andP2 areminimal andconsistenthaving
7 DOFfor M , 8 DOFfor R and14DOFfor f . A third methodP3 is now definedthatuses
all thecoordinatesof thecorrespondencesencodingtheconstraintasparameters.Giving
a 28 DOF parametrizationfor M and f , and16 for R . NotethatP3 is over parametrized
having moreparametersthandegreesof freedom.

By way of comparisonmethodP4 is the linearmethodfor eachconstraintandis used
asabenchmark.Furthermoreeachconstraintis estimatedusingstandardparametrizations
asfollows. Theprojectivity andquadratictransformationsareestimatedby fixing oneof
theelements(the largest)of thematrix. For theprojectivity this is minimal whereasit is
not for thequadratictransform.Thenon-linearparametrizationfixing thelargestelement
is dubbedP5. P6 is Luong’sparametrizationfor thefundamentalmatrix. This is a 7 DOF
parametrizationin termsof the epipolesandepipolarhomographydesignedby Luonget
al [16], this is bothminimal andconsistent.

After applyingMLESAC, the non-linearminimizationis conductedusingthe method
describedin Gill andMurray [6], which is a modificationof the Gauss-Newton method.
All the pointsareincludedin the minimization,but the effect of outliersareremovedas
the robust function placesa ceiling on the valueof their errors,(thus they do not affect
the Jacobianof the parameters),unlessthe parametersmove during the iteratedsearch
to a value where that correspondencemight be reclassifiedas an inlier. This scheme
allows outliersto bere-classedasinliers duringtheminimizationitself without incurring
additionalcomputationalcomplexity. This hasthe advantageof reducingthe numberof
falseclassifications,which might ariseby classifyingthe correspondencesat too early a
stage.

An advantageof themethodof Gill andMurrayis thatis doesnotrequirethecalculation
of any secondorderderivativesorHessians.Furthermoreif thedataisoverparametrizedthe
algorithmhasaneffectivestrategy for discardingredundantcombinationsof thevariables,
andchoosingefficientsubsetsof directionto searchin parameterspace.Thismakesit ideal
for comparingminimizationsconductedwith differentamountsof overparametrization.
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FIGURE 2

As amatchmaybeincorrect,it is desirablethat,if in thecourseof theestimationprocess
we discover that the corneris mismatched,we areable to alter this match. In order to
achieve this we storefor eachfeaturenot only its match,but all its candidatematches
that have a similarity scoreover a userdefinedthreshold. After eachestimationof the
relation,in theiterativeprocessesdescribedabove,featuresthatareflaggedasoutliersare
re-matchedto theirmostlikely candidatethatminimizesthenegative log likelihood.

Convergenceproblemsmight ariseif eitherthe chosenbasissetis exactly degenerate,
or the dataasa whole aredegenerate.In the first casethe imagerelation Â cannotbe
uniquelyestimatedfrom thebasisset.To avoid this problemtherankof thedesignmatrix

þ
matrix given by (11) canbe examined. If the null spaceis greaterthan2 (1 for R ),

which it surelywill begivendegeneratedata,thenthatparticularbasiscanbediscarded.
Providedthe basispointsdo not becomeexactlydegeneratethenany basissetis suitable
for parametrizingÂ .

In thesecondcase,shouldthedataasawholebedegeneratethenthealgorithmwill fail
to convergeto a suitableresult,the discussionof degeneracy is beyond the scopeof this
paperandis consideredfurtherin Torr et al. [35].

7. RESULTS

We have rigorouslytestedthevariousparametrizationson realandsyntheticdata.Two
measuresarecompared:Thefirstassessestheaccuracyof thesolution.Thesecondmeasure
is thenumberof costfunctionevaluationsmadei.e. thenumberof times i is evaluated.In
thecaseof syntheticdatathefirst measureisÎ & % @B8µ ? ·kj 9 º�»# · ? +C# · ?¤½H CEmln (22)

for thesetof inliers,where »# · ? is thepointclosestto thenoisefreedatum# · ? whichsatisfies
theimagerelation,# · ? is the B thpointin the o image,and j '�1 is theEuclideanimagedistance
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betweenthepoints. This providesa measureof how far theestimatedrelationis from the
truedatai.e.we testthefit of ourcomputedrelationfrom thenoisydataagainsttheknown
groundtruth. In thecaseof realdatatheaccuracy is assessedfrom thestandarddeviation
of theinliers Îqp % à6µ ? ´29?H ù ln F (23)

Firstexperimentsweremadeonsyntheticdatarandomlygeneratedin threespace;100sets
of 100 3D pointsweregenerated.The pointsweregeneratedin the field of view 10-20
focal lengthsfrom thecamera.Theimagedatawasperturbedby Gaussiannoise,standard
deviation /AF O , andthenquantizedto thenearest0.1pixel. Wethenintroducedmismatched
featuresto makeagivenpercentageof thetotal,between/ÃO and

 O percent.With synthetic
datatheestimatecanbecomparedwith thegroundtruthasfollows: Thestandarddeviation
of theerrorof theactualnoisefreeprojectionsof thesyntheticcorrespondencesto thefitted
relationis measured.Thisgivesagoodmeasureof thevalidity of eachmethodin termsof
thegroundtruth.

A comparisonwasmadebetweentherobustestimatorslookingat thestandarddeviation
of thegroundtrutherrorbeforeapplyingthegradientdescentstage,for variouspercentages
of outliers. The resultswerefoundto bedramaticallyimproved: a reductionof variance
from 1.43 to 0.64 when estimatinga projectivity, suggestingthat MLESAC shouldbe
adoptedinsteadof RANSAC. After the non-linearstagethe standarddeviation of the
groundtruth error

Î & dropsto 0.22. Figure 3 shows that estimatederror on synthetic
data(conformingto randomfundamentalmatrices)for four randomsamplingstylerobust
estimators:RANSAC [4], LMS [22, 39], MSAC andMLESAC. It canbeseenthatMSAC
andMLESAC outperformthe other two estimators,providing a

 ¼ /GO " improvement.
This is becausethe first two have a moreaccurateassessmentof fit, whereasLMS uses
only the median,andRANSAC countsonly the numberof inliers. For this examplethe
performanceof MSAC andMLESAC areveryclose,MLESAC givesslightly betterresults
but at theexpenseof morecomputation(theestimationof themixing parameterÊ for each
putative solution). Thus the choiceof MLESAC or MSAC for a particularapplications
dependson whetherspeedor accuracy is moreimportant.

Theinitial estimateof theseven(for afundamentalmatrixor critical surface)or four (for
animage-imagehomography/projectivity) pointbasisprovidedby stage2 is quitecloseto
the true solutionandconsequentlystage3 typically avoids local minima. In generalthe
non-linearminimisationrequiresfar morefunctionevaluationsthantherandomsampling
stage. However, the numberrequiredvarieswith parametrization,and is an additional
measure(overvariance)on which to assesstheparametrization.

Fundamentalmatrix-syntheticdata.. The five parametrizationsfor M werecompared
alongwith thelinearmethodfor fitting theFundamentalmatrix. Theresultsaresummarised
in Table2. Luong’s methodP6 produceda standarddeviation of 0.32with anaverageof
238functionevaluationsin thenon-linearstage.The28 DOFparametrizationP3 in terms
of pointsdid significantlyworsein thetrials with anestimatedstandarddeviation of 0.53
andan averageof 2787functionevaluations,whereasthe7 DOF P2 parametrizationdid
significantly better with an estimatedstandarddeviation of 0.22 at an averageof 119
function evaluations. It remainsyet to discover why the “orthogonal” parametrization
provided the best results,but in generalit seemsthat movementperpendicularto the
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TABLE 2
The DOF, average number of evaluations of the total cost function in the gradient

descentalgorithm,and thestandard deviation rZs (22) for theperfectsynthetic
pointdatafor thefundamentalmatrix.

Method DOF Evaluations tvu
P1 Vary w $ 7 120 0.34
P2 OrthogonalPerturbation 7 119 0.22
P3 Vary x , w , x $ , w $ 28 2787 0.53
P4 Linear - - 0.85
P5 Fix largestelementof y 7 260 0.54
P6 Luong 7 238 0.32

constraintof thepointproducesspeedyconvergenceto agoodsolution,perhapsbecauseit
movestheparametersin thedirectionthatwill changetheconstraintthemost.

Fundamentalmatrix-ChapelSequence. Figures4(a)-(b)show twoviewsof anoutdoor
chapel,thecameramovesaroundthechapelrotatingto keepit in view. Thematchesfrom
the initial crosscorrelationare shown in (c) and it can be seenthat they containa fair
numberof outliers. Thebasisprovidedby MLESAC is givenin (d). As theminimization
progressesthebasispointsmoveonly afew hundredthsof apixeleach,but thesolutionwas
muchimproved,final inliersandoutliersareshown in (e)and(f); thestandarddeviationof
theinlying data

Î p
havedecreasedfrom 0.67to 0.23.

Projectivity-syntheticdata.. Whenfitting theprojectivity theseveraldifferentparametriza-
tions P1-P3,P5 wereused. In this case,the resultsof all parametrizationswerealmost
identical,with standarddeviationsof theerrorwithin OçF OJz pixelsof eachother. Thenum-
berof functionevaluationsrequiredin thenon-linearminimizationwasonaverage124for
the 8 DOF orthogonalparametrization,comparedwith 457 for the 16 DOF. Hencethe 8
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(a) (b) (c)

(d) (e) (f)

FIGURE 4

TABLE 3
The DOF, average number of evaluations of the total cost function in the gradient

descentalgorithm,and thestandard deviation {Z| (22) for theperfectsynthetic
point datafor thehomographymatrix.

Method DOF Evaluations }v~
P1 Vary ��� and ��� 8 132 0.34
P2 OrthogonalPerturbation 8 124 0.30
P3 Vary � , � , ��� , �v� 16 457 0.31
P4 Linear - - 0.42
P5 Fix largestelementof � 8 260 0.32

DOF hasthe slight advantageof beingsomewhat faster. The lack of differencebetween
the parametrizationsmight be explainedby the lack of complex constraintsbetweenthe
elementsof thehomographymatrix,which is definedup to a scalingby 9 elements.

Projectivity-CupData.. Figure 5 (a) shows the first and (b) the secondimageof a
cup viewed from a cameraundergoing cyclotorsionaboutits optic axis combinedwith
an imagezoom. The matchesaregiven in (c), basis(d), inliers (e) outliers (f) for this
scenewhenfitting a projectivity. It canbeseenthatoutliersto thecyclotorsionareclearly
identified. Thenonlinearstepdoesnot produceany new inliers astheMLESAC stephas
successfullyeliminatedall mismatches,theerroron theinliers is reducedby �a� whenthe
imagecoordinatesin oneimagearefixedandthosein theothervaried.
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FIGURE 5

TABLE 4
The DOF, average number of evaluations of the total cost function in the gradient

descentalgorithm,and thestandard deviation �Z� (22) for theperfectsynthetic
point datafor thequadratic transformation.

Method DOF Evaluations �v�
P1 Vary ��� and ��� 14 791 0.36
P2 OrthogonalPerturbation 14 693 0.30
P3 Vary � , � , ��� , �v� 28 3404 0.57
P4 Linear - - 0.64
P5 Fix largestelementof � 17 913 0.39

Quadratic Transformation-syntheticdata.. Theresultsfor thesynthetictestsaresum-
marisedin Table4, it canbeseenthattheorthogonalperturbationparametrizationP2gives
the bestresults,andoutperformsthe inconsistentparametrizationP5 aswell asthe over
parametrizationP3.

Quadratic Transformation-Modelhousedata.. Figure6 (a)(b) showsascenein which
acamerarotatesandtranslateswhilst fixatingonamodelhouse.Thestandarddeviationof
theinliersimprovesfrom 0.39aftertheestimationby MLESAC to 0.35afterthenon-linear
minimization.Theimportantthingaboutthisimageis thatstructurerecoveryfor thisimage
pairprovedhighlyunstable.Thereasonfor thisinstabilityisnotimmediatelyapparentuntil
the goodfit of the quadratictransformationis witnessed,indicatingthat structurecannot
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be well recoveredfrom this scene. In fact the detectedcornersapproximatelylie neara
quadricsurfacewhich alsopassesthroughthecameracentres.This is shown in Figure7.

(a) (b) (c)

(d) (e) (f)

FIGURE 6

8. CONCLUSION

Within thispaperanimprovementover ���V������� : �A���]����� hasbeenshown to give
betterestimateson our testdata. A generalmethodfor constrainedparameterestimation
hasbeendemonstrated,andit hasbeenshowntoprovideequalorsuperiorresultstoexisting
methods.In factfew suchgeneralpurposemethodsexist to estimateandparametrizecom-
plex quantitiessuchascritical surfaces.Thegeneralmethod(of minimalparametrizationin
termsof basispointsfoundfrom ����������� ) couldbeusedfor otherestimationproblems
in vision, for instanceestimatingthe Quadrifocaltensorbetweenfour images,complex
polynomialcurvesetc.The generalmethodologycould be usedoutsideof vision in any
problemwhereminimal parametrizationsarenot immediatelyobvious,andthe relations
maybedeterminedfrom someminimal numberof points.

Why doesthepointparametrizationwork sowell? Onereasonis thattheminimalpoint
set initially selectedby �A���]����� is known to provide a good estimateof the image
relation(becausethereis a lot of supportfor this solution). Hencethe initial estimateof
thepointbasisprovidedby ����������� is quitecloseto thetruesolutionandconsequently
thenon-linearminimisationtypically avoids local minima. Secondlytheparametrization
is consistentwhich meansthatduringthegradientdescentphaseonly imagerelationsthat
might actuallyarisearesearchedfor.
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FIGURE 7

It hasbeenobservedthatthe �A�� �¡�¢�£ methodof robustfitting is goodfor initializing
theparameterestimationwhenthedataarecorruptedby outliers. In thiscasetherearejust
two classto which a datummight belong,inliersor outliers.The ���� ]¡�¢�£ methodmay
be generalizedto the casewhenthe datahasarisenfrom a moregeneralmixture model
involving several classes,suchas in clusteringproblems. Preliminarywork to illustrate
this hasbeenconducted[28].

Thereare two extensionsthat are trivial to ���� �¡�¢�£ that allow the introductionof
prior information1, althoughprior informationis notusedin thispaper. Thefirst is to allow
a prior ¤�¥v¦¨§ª© on theparametersof therelation,which is just addedto thescorefunction«�¬ . Thesecondis to allow aprior on thenumberof outliersandthemixing parameter .
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